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Abstract 



The Marcinkiewicz integral nn is essentially a Littlewood-Paley g- 
function, which plays a important role in harmonic analysis. In this pa- 
per, by using the atomic decomposition theory of weighted Hardy spaces, 
we will obtain the weighted weak type estimate of fin on these spaces, 
under some Dini type condition imposed on the kernel fi. This result is 
new even in the unweighted case. 
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1 Introduction 

Suppose that S"™ -1 is the unit sphere in W l (n > 2) equipped with the normalized 
Lebesgue measure da. Let SI be a homogeneous function of degree zero on W 1 
satisfying Vl <E L^S" 1-1 ) and 



where x' = x/\x\ for any x ^ 0. Then the Marcinkiewicz integral operator /iq 
of higher dimension is denned by 



This operator was first defined by Stein in [15] . He proved that if fl £ 
Lip a (S n ~ 1 )(0 < a < 1), then /iq is the operator of strong type {p,p) for 1 < p < 
2 and of weak type (1,1). It is well known that the Littlewood-Paley ^-function 
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where 




is a very important tool in harmonic analysis and the Marcinkiewicz integral is 
essentially a Littlewood-Paley ^-function. Therefore, many authors have been 
interested in studying the boundedness properties of /in on various function 
spaces. In [T], Benedek, Calderon and Panzone showed that if f2 is continuously 
differentiable on S 71 ^ 1 then pa is of strong type (p,p) for 1 < p < oo. In 1990, 
Torchinsky and Wang [TB] considered the weighted case and proved the following 
theorem. 

Theorem A. Let £ Lip a (S n ~ 1 ), < a < 1. If w £ A p (Muckenhoupt weight 
class), 1 < p < oo, then there exists a constant C > independent of f such 
that 

\\Mf)\\Li<c\\f\\ L P a . 

Here, and in what follows, we shall denote the conjugate exponent of q > 1 
by q' = q/(q — 1). In 1999, Ding, Fan and Pan [3, improved the result mentioned 
above by ridding of the smoothness condition imposed on f2. 

Theorem B. Let Q e L q (S n ^ 1 ), 1 < q < oo. If w q ' £ A p , 1 < p < oo, then 
there is a constant C > independent of f such that 

\\Mf)\U<c\\f\\ Ll . 

In order to obtain the boundedness of pn, we need to introduce the 

notion of L 9 ' Q -Dini condition. For q > 1 and < a < 1, we say that ft satisfies 
the L 9 ' a -Dini condition if ft £ L q (S n ~ 1 ) is homogeneous of degree zero on 1" 
and 

-f^rf<5<oo, 0<a<l, 
where <-o q (5) denotes the integral modulus of continuity of order q for f2 defined 

by 

u q (6)= sup f / \Q{px') -Q{x')\ q da(x') ) 
\p\ks\Js"- 1 J 

and p is a rotation in R n with \p\ — \\p — I\\. When a = 0, it is called the 
L 9 -Dini condition. For 0</3<a<l, iff2 satisfies the L 9:Q -Dini condition, 
then it also satisfies the L 9, ^-Dini condition. We thus denote by T)'m q a (S n ^ 1 ) 
the class of all functions which satisfy the L r ' l3 -Dim condition for all < j3 < a. 

In 2002, Ding, Lu and Xue [5] showed that if satisfies the i 1 -Dini condition, 
then pn is bounded from H 1 (W l ) to L 1 (W l ). One year later, Ding, Lee and Lin 
[3] extended it to the weighted case. 

Theorem C. Let il satisfy the L q -Dini condition for q > 1. If w q £ A\, then 
there exists a constant C > independent of f such that 

\\m{f)\\Li<C\\f\\m a . 

Theorem D. Let < a < 1, f3 = min{a, 1/2} and n/(n + f3) < p < 1. // 

£1 £ Lip a {S n ~ l ) andw £ A p+E £, then there exists a constant C > independent 
of f such that 

||/io(/)IU & <c||/|U,. 
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In 2007, Lin and Lin [12] proved that under weaker smoothness conditions 
assumed on fl; that is € Din^(5 n_1 ), then /in is also bounded from HP(W l ) 
into L P u (W l ). More precisely, they proved 

Theorem E. Let < a < 1, {3 = min{a, 1/2} and n/(n + (3) < p < 1. 
Suppose thatil € Din^S" 1 ^ 1 ) for q > 1. If w q 6 A^ p+2 e__i^ q , , then there exists 
a constant C > independent of f such that 

\\m(f)\\Ll<C\\f\\ H P. 

The main goal of this article is to study the weak type estimates of /in on 
the weighted Hardy spaces HP J (M n ) at the endpoint case of p — n/(n + f3) and 
f3 = minja, 1/2}. We now present our main result as follows. 

Theorem 1.1. Let < a < 1, /3 = min{a, 1/2} and p = n/(n + (3). Suppose 
that G Din^S"^ 1 ) for q > 1. If w q G A\, Then there exists a constant C > 
independent of f such that 

Wm(f)\\wLZ<c\\f\\ H z. 

In particular, if we take w to be a constant function, then we can get 

Corollary 1.2. Let < a < 1, = min{a, 1/2} and p = n/(n + f3). Suppose 
that G Dm^(5" _1 ) for q > 1. Then there exists a constant C > independent 
of f such that 

Ua{f)\\wLv<C\\f\\ m . 



2 Notations and preliminaries 

The definition of A p class was first used by Muckenhoupt [14] . Hunt, Mucken- 
houpt and Wheeden [8] , and Coifman and Fefferman [2] in the study of weighted 
L p boundedness of Hardy-Littlewood maximal functions and singular integrals. 
Let w be a nonnegative, locally integrable function defined on MP; all cubes are 
assumed to have their sides parallel to the coordinate axes. We say that w G A p , 
1 < p < oo, if 

r^-r / w(x)dx)(-^- [ w(x)- 1/(p - 1} dx] <C for every cube Q CM™, 

\Q\ JQ J \ \Q\ JQ J 

where C is a positive constant which is independent of the choice of Q. 
For the case p — 1, w G A±, if 

— !- f w(x) dx < C ■ essinf w(x) for every cube QCM". 
\Q\ jq xe Q 

A weight function w is said to belong to the reverse Holder class RH r if 
there exist two constants r > 1 and C > such that the following reverse 
Holder inequality holds 

( i r .... \ 1/r „( i 



w(x) T dx j < C ( j^j- / w(x) dx ] for every cube Q C 
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It is well known that if w G A p with 1 < p < oo, then w G A r for all r > p, 
and w G A q for some 1 < q < p. We thus write q w = inf{g > 1 : w G A g } to 
denote the critical index of w. Given a cube Q and A > 0, AQ denotes the cube 
with the same center as Q whose side length is A times that of Q. Q = Q(xq, I) 
denotes the cube centered at xq with side length I. For a weight function w and 
a measurable set E, we denote the Lebesgue measure of E by \E\ and set the 
weighted measure w(E) = J E w(x) dx. 

We give the following results that will be used in the sequel. 

Lemma 2.1 ([7]). Let w G A\. Then, for any cube Q and any A > 1, there 
exists an absolute constant C > such that 

w(XQ) <C-X n w(Q), 

where C does not depend on Q nor on A. 

Lemma 2.2 ([9]). Let r > 1 and A\ = {w : w r G A{\. Then we have 

A[ = A x n RH r . 

Lemma 2.3 (|7J. Let w G A\. Then there exists a constant C > such that 

\E\ w(E) 
\Q\ ~ w(Q) 

for any measurable subset E of a cube Q. 

Given a weight function w on R™ , for < p < oo , we denote by (K™ ) the 
space of all functions satisfying 

ll/lk = f^J/(x)iM^)^) /P <^- 

We also denote by VFL^, (R™) the weighted weak LP space which is formed by 
all functions satisfying 

H/lktS = supA • w({x G M" : |/(ar)| > A}) 1/p < oo. 

We write S^(M. n ) to denote the Schwartz space of all rapidly decreasing 
infinitely diffcrcntiable functions and ^'(MJ 1 ) to denote the space of all tempered 
distributions, i.e., the topological dual of J?(M. n ). For any < p < 1, the 
weighted Hardy spaces i?£(M n ) can be defined in terms of maximal functions. 
Let if be a function in ^(W 1 ) satisfying J R „ ip(x) dx = 1. Set 

tf t (x) = t~ n f(x/t), t > 0, x G R". 

We will define the maximal function M v f(x) by 

M v f(x) = sup \(<p t * f)(x)\. 
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Then HP(R n ) consists of those tempered distributions / £ ,y'(W l ) for which 
M v f € I^(R n ) with \\f\\ffp = HM^/HiP . The real-variable theory of weighted 
Hardy spaces has been investigated by many authors. For example, Garcia- 
Cuerva [5] studied the atomic decomposition and the dual spaces of for 
< p < 1. The molecular characterization of Hf u for < p < 1 was given by 
Lee and Lin [IT] . We refer the readers to [5J [TTJ [T7] and the references therein 
for further details. 

In this article, we will use Garcia-Cuerva's atomic decomposition theory for 
weighted Hardy spaces in [51 [T7]. We characterize weighted Hardy spaces in 
terms of atoms in the following way. 

Let 0<p<l<q<oo and p ^ q such that w G A q with critical index 
q w . Set [ • ] the greatest integer function. For s £ Z + satisfying s > N — 
[n(q w /p— 1)], a real- valued function a(ic) is called a (p, s)-atom centered at xq 
with respect to u>(or a q, s)-atom centered at xo) if the following conditions 
are satisfied: 

(a) a £ L^(IR rt ) and is supported in a cube Q centered at Xq; 

(b) \\a\\ Ll < wiQ) 1 /*- 1 '*; 

(c) / K „ a(a;)a: Q = for every multi-index a with |a| < s. 

Theorem 2.4. Lef 0<p<l<g<oo and p ^ q such that w £ A q with 
critical index q w . For each f £ HP(W l ), there exist a sequence {aj} of w- 
(jp, q, N)-atoms and a sequence of real numbers with \^j\ p ^ C||/ll^p 

such that f = both in the sense of distributions and in the norm. 

In particular, for w equals to a constant function, we shall denote WLP,(M. n ) 
and HP{M. n ) simply by WLP(R n ) and H p (R n ). 

Throughout this article C denotes a positive constant, which is independent 
of the main parameters and not necessarily the same at each occurrence. 

3 Proof of Theorem 1.1 

In order to prove our main result, we shall need the following superposition 
principle on the weighted weak type estimates. 

Lemma 3.1. Let w £ A\ and < p < 1. If a sequence of measurable functions 
{fj} satisfy 

w({x £ E n : \fj(x)\ > a}) < aT? for all jeZ 

and 

5>ii p <i, 

then we obtain that Y]j Xjfj(x) is absolutely convergent almost everywhere and 
w({x £ R n : \J2 X ofj( x )\ > «}) < ■ a ~ P - 
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Proof. The proof of this lemma is similar to the corresponding result for the 
unweighted case which can be found in [IB] . See also [13, p. 123]. □ 

We also need the following lemma, which gives a key estimate about the 
kernel J7. 

Lemma 3.2. Let q > 1. Suppose that Q satisfies the L q -Dini condition in 
Section 1. If there exists a constant < 7 < | such that \y\ < 'jR, then we have 



Q(x — y) Q(x) 



\x - y\ n ~ x 



R 



\V\/2R 



' R<\x\<2R 

where the constant C > is independent of R and y. 

Proof. By adopting the same method as in the proof of Lemma 5 in [ID] , we 
can get the desired estimate, here we omit the details. See [4] and [12]. □ 

We are ready to give the proof of Theorem 1.1. 

Proof. Since w q G Ai, then we have w £ A\ by Lemma 2.2. We now observe 
that for w € A\ and p — n/(n + (3), then [n(q w /p — 1)] = [f3] = 0. Hence, 
by Theorem 2.4 and Lemma 3.1, it is enough for us to show that for any w- 
(p, q, 0)-atom a(x), there exists a constant C > independent of a such that 
Wm{a)\\wLl < c 

Let a(x) be a w-(p, q, 0)-atom centered at xq with suppa C Q = Q{xq,1), 
and let Q* = 2y/nQ. For any fixed A > 0, we write 

\P-w({xeW l : |A*n(o)(a;)| > A}) 
< \p ■ w({x e Q* : \m(a)(x)\ > A}) + X p ■ w({x G {Q*) c : |/in(a)(ar)| > A}) 
= /i+/ 2 - 

By the hypothesis w q £ A\, then we have w q S A g for 1 < q < 00. According 
to Theorem B, we see that fj,Q is bounded on L^,(K n ). Applying Chebyshev's 
inequality, Holder's inequality, Lemma 2.1 and the size condition of atom a, we 
thus obtain 

h< \iia(a)(x)\ p w(x) dx 
JQ* 

< ( / \tiQ.{a){x)\ q w(x) dx\ I / w(x)dx 

< \\ m (a)\\ P L MQ*) 1 - p/q 

- C ' \\ CL \\ P Ll, W ^ 1 ~ P,q 

< C. (3.1) 

We turn our attention to the estimate of 12- First we note that if £ 
(Q*) c ■ lMn(a)(a;)| > A} = 0, then the inequality 

h < C 
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holds trivially. Now assume that {x E (Q*) c : \/j,n(a)(x)\ > \} ^ 0. Set 
Q\ = Q* and Q* k+l = (Q* k )*,k = 1,2,.... Integrating over Q* k+1 \Q* k (k e Z+) 
on both sides of the inequality A < |/in(a)(a;)|, then we get 



< 



< 



)(x)\ dx 



I (/ 

J Q' k+1 \Ql Wo 

+ I (/ 



\x-x \ + ^l 



L 



Cl(x — y) 



\x-y\<t 



\x-y\ r 



ra(y) dy 



! dt\ 



1/2 



dx 



I\x-y\<t \ x -y\ n lCL ^ dy 



2 dt^ 1 2 
t 3 



dx 



>Q* k+1 \Qt W|x-x |+- 
= Ji + J 2 - 

Let us deal with the term J\. An application of Minkowski's integral inequality 
gives us that 

^ ~ V) \a(y)\ ( f lX ~ X " l + ^ 1 ^} V2 

\J\x-y\ t3 



Jl < 



c ! I 

J Qt+i\Qt J Q 



x — y\ n 1 
fl(x - y) 



\x - y\ 



n-1 



\a(y)\ 



1 



dydx 
1 



1/2 



c-y\ 2 (\x-x \ + ^iy 

For any y & Q and x € <2fc+i\<3fc 5 then a direct calculation shows that 



dydx. 



\x-y\~\x- x Q \ ~ | a; - x | + — Z. 



Hence 



which yields 



< C ■ 



y\ 2 (\ x -xu\ + ^i) 2 ~ " \x-y\ 3 ' 



Ji < c ■ Vi [ ( / 

•^Q I JQ* k+1 \Q* k 



y |n+l/2 



^|a(j/)| dy. 



For any j/ € Q, by using Holder's inequality and polar coordinates for integrals, 
we have 



/ 



n(x - y) 



\x-y\ n + 1 / 2 



dx 



< 



< 



Ql+i\Ql 



V"' 



|a; _ y |n+l/2 



\ 1/9' 

Ida; 



Q'Ui\Ql ' 



2 k -n<\z\<2 k +n \ z 



iq+q/2 



1/9 



<C.||fi||„ (s .-, ) (2'i)" / *""" V21 "* 



Q*k+l\Q*k 



(3.2) 
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On the other hand, it follows directly from Holder's inequality, the A q condition 
and the size condition of atom a that 

J \a{y)\dy<(^J \a(y)\«w(y) dy^j J w(y)^' 7« dy^j '* 

\Q\ 



<C-\\a\\ 



w 



(Q) 1/q 



<c- 



\Q\ 



,{Q)VV 



In addition, since Q C for every k = 1,2,..., then by Lemma 2.3, we get 



HQ) >c \Q\ 



w (Ql) 



\QtV 



which implies 



/ Hy)\ 
Jo 



dy<C- 



\Ql\\ 1/p - 1 \Qt 



(3.3) 



Summarizing the above two estimates (3.2) and (3.3) and using the fact that 
p = n/(n + (3), we thus obtain 



J, <C -Vl(2H) n/q - n - 1/2 \Ql +1 \Ql\ 1,q ' 



1/p-i 



<C-\Ql\ 1/q \Q* k+1 \Q* k 



KQt) 1/p 



. 2 fe(/3-l/2)_ 



We turn to estimate the last term J 2 - In this case, it is obvious that QC {ye 
M™ : \x — y\ < t}. By the cancellation condition of atom a and Minkowski's 
integral inequality, we have 



W f / 

J Q" k + i\Q* k \ J\x-x a \ + ^l J\x-y 

£ / / 



Sl(x — y) Q(x — xq) 



a(y) dy 



2 d^^ 1/2 

i 3 



dx 



Cl(x — y) Q,(x — xq) 



< C 



Ql +1 \Ql J Q 



x — y\ n 1 \x — xo\ n 1 
Q(x — y) Q(x — xq) 



dt 



\x— Xo\ 



1/2 



dydx 



\x — y\ n 1 \x — xo\ n 1 



Mv)\ 



< 



c-^iy 1 [ { / 

JQ tJQ* k+1 \Ql 



x — xo 
Q(x — y) Q,{x — x ) 



1 2- _ y\n-l \x — x a \ n 1 



dydx 

dx\\a(y)\ dy. 



Using Holder's inequality and Lemma 3.2, we can see that for any y £ Q, the 
inner integral of the above expression is bounded by 

1/9 / r \ V?' 



'Qt+i\Qt 



fl(x — y) fl(x — x ) 



Ix-yl™- 1 \x-x a \ n - 1 



dx 



( [ ldx] 

\jQt +1 \Qt J 
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^.|« +1 \«i'"'( 2 'o"'-" +I f^ + /"^ l/2 '^^ 

21 ■l\ V -x a \/2" + H 



< C • \Ql +1 \Ql\ 1/q ' (2^)" /9 - +1 + ± f Q ^ <«) . (3.4) 
Moreover, it follows immediately from the inequalities (3.3) and (3.4) that 



f\Qt\Y /p - 1 \Q 
J a <C(2I) \Q k+1 \Q k \ ^ /p 



1 v q (6) 
2 k ' 2 fca 7 5 1+a 



dd 



Clearly, for any fc = 1,2, we have > IQfcl- Hence, by combining 

the estimates for Ji and J2, we obtain 



<r \Q*k\ 1/q 1 2 fe(/3-l/2) 

- ' \Q* k+1 \Qi\^ w(Qiy/p ' 

c \Ql\ 1/q 1 &>( 1 1 1 f 1 i5 

1 ,A 1 



* c \ 2+ J i&V«QV*' (3 - 5) 

where the last inequality holds since (3 < min{a, 1/2}. Furthermore, for p = 
n/(n + f3), it is easy to check that 

lim — —7— = 0. 

k^oo w(Q* k y/p 

Thus, for any given A > 0, by (3.5), we can find a maximal positive integer JC 
such that 

A < C • 1 



Therefore 



h < \p ■ £>({a: e Q£+i\Q£ : \»n(a)(x)\ > A}) 



fe=i 

< C. (3.6) 

Combining the above inequality (3.6) with (3.1) and taking the supremum over 
all A > 0, we conclude the proof of Theorem 1.1. □ 
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